Curvature relations in 
almost product manifolds 

Magnus Holm* and Niclas Sandstrom^ 

Institute for Theoretical Physics 
Goteborg University and Chalmers University of Technology 
S-412 96 Goteborg, Sweden 



Abstract 

New relations involving curvature components for the various connec- 
tions appearing in the theory of almost product manifolds are given and 
the conformal behaviour of these connections are studied. New identities 
for the irreducible parts of the deformation tensor are derived. Some direct 
physical applications in Kaluza-Klein and gauge theory are discussed. 



* holm@fy.chalmers.se 
ttfens@fy.chalmers.se 



1 



1 Introduction 



In modern day theoretical physics one often deals with additional dimensions 
besides the ordinary four space-time ones. These extra dimensions manifest 
themselves in different forms. In gauge theory they appear as the dimension 
of the gauge group, in M-theory and string theory, they are required for self- 
consistency. In Kaluza-Klein theory, the gauge theory is obtained by compact- 
ification over an internal manifold with an isometry group which equals the 
gauge group. The almost product structure concept makes possible a geomet- 
rical formulation which completely describe these theories, without performing 
the dimensional reduction. This leads to new insights in their geometrical prop- 
erties which is unobtainable in the dimensionally reduced theories themselves. 
For instance in ref. jl) it was shown that the Nijenhuis tensor of a certain 
almost product structure measures the fieldstrength which in the geometrical 
language is a measure of the non-integrability of the base manifold of the prin- 
cipal bundle. In almost product manifolds, three different connections appear 
naturally. As is known the Gauss-Codazzi relations connect curvature compo- 
nents of these connections. In this paper a classification of the relations of all 
curvature components is given which yields a number of new identities. As a 
result it becomes manifest that the Vidal connection in a principal bundle, or 
Kaluza-Klein theory, reduces to the gauge-covariant derivative. Since a lot of 
recent work |2| || has been made concerning rotating branes which are solu- 
tions to various supergravity theories, it will here be stressed that the almost 
product manifold vievpoint would be the most geometrical approach to these 
problems. Direct relations for the Ricci tensors in terms of the characteristic 
deformation tensors of an almost product structure will be given. These will 
then be the most natural starting point when making ansatze for new solutions 
in the supergravity theories. 

In the generic case, the Vidal connection will not be metric neither torsion 
free, and in section 2 we give a review of the theory of general connections. 
We refer to 0| for a more detailed treatise in this respect. In section 2 the 
properties of an arbitrary connection under conformal transformations are also 
reviewed. Section 3 gives a quick introduction to the basic connections and 
tensors involved with almost product manifolds. The naturally occuring con- 
nections, besides the Levi-Civita one, is the Vidal and adapted connections. 
All tensors formed from these connections are investigated in section 4. In that 
section several new identities are derived, some of which follows directly from 
the work in ref. and the conformal properties are studied. In section 5 this 
is brought to full fruition when the Vidal connection is shown to be identical to 
the gauge-covariant derivative in gauge or Kaluza-Klein theory. Possible further 
developments in this area is discussed in section 6. 

2 A review on general connections 

This section consists of two parts, the first of which treats a general non-metric 
connection and its curvature relations together with the Bianchi identities. The 
second part deals with the induced transformation of an arbitrary connection 
under conformal transformations. 
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2.1 Non-metric connections 

The most frequently used non-Levi-Civita connections are the ones in which the 
torsion content is non-zero. In the case of a Vidal connection, the connection 
will not in general be metric nor symmetric. Also in the case of embeddings 
one might encounter non-metric connections while studying cases with an aux- 
illiary metric on the world-volume. In this subsection a thorough description of 
connections in the most general case is given. See also ref. [|| . To this end, the 
following two important tensor are defined as. 

Definition 2.1 

Let V be a connection in a manifold ^ with non-degenerate metric g. Now 
define the torsion tensor, T , and the non-metricity tensor, Q, respectively with 
characteristics, 

T: X I — > A^ 

Q : A^ X A^ X A^ I — >R 

by the following equations 

T{X, Y) := VxY - Vy A - [X, Y] 
Q{X,Y,Z) := {\7x9){Y,Z) 

where X,Y, Z E A^ are vectorfields on ^ . 

A general connection on a manifold with non-degenerate metric can be decom- 
posed into the Levi-Civita connection and an arbitrary (2, l)-tensor. The di- 
mension of this tensor is therefore where m is the dimension of the manifold 
^ . Below it is shown that it can be decomposed into one part containing only 
the torsion tensor, T, and one part containing only the non-metricity tensor, Q. 
These two tensors have the dimensions ^m^{m — l) and ^m'^{m+l) respectively 
which together give m^. The torsion do not appear directly in the connection 
but as the contorsion and that is also the case with the non-metricity tensor. 
The following notation will be used in what follows, 

^{X,Y,Z) ■.^g{T{X,Y),Z) 

In the next proposition the contorsion and con-metricity tensors are defined. 

Definition 2.2 

Let V be a connection in a manifold ^ with non-degenerate metric g. Define 
the contorsion tensor, S, and the con-metricity tensor, P, respectively, with 
same characteristics, 

S,P: A^xA^xAii — >R 

by following equations 

^S{X,Y,Z) := ]^{^{X,Y,Z) - ^{Y,Z,X) + ^{Z,X,Y)) 

'P{X, Y, Z) := ^{-Q{X, Y, Z) - Q{Y, Z, X) + Q{Z, X, Y)) 

where X,Y,Z e A^ are vectorRelds on and S(X, Y) = g^^ (^S{X, Y. •)), P{X, Y) = 
g-H'P{X,Y,-)). 
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Now, any connection can be expressed in terms of the Levi Civita connection 
with respect to a non-degenerate metric, denoted by ^ , plus the contorsion and 
the con-metricity tensors defined above, i.e. 

Proposition 2.3 

Let V he an arbitrary connection on a manifold ^ , let further g be a non- 
degenerate metric on ^ and ^ corresponding Levi-Civita connection. Let 



S.P be the tensors defined in 2.2 .Then 



VxY = ^xY + S{X, Y) + P{X, Y) 



The curvature tensor of an arbitrary connection, is defined by, 
RiX, Y)Z := [Vx, Vy]Z - V[xy]^, 



(1) 



will no longer take values in the lie algebra o(m) as does the curvature tensor of 
the Levi-Civita connection, but (will in the generic case take values) in gl(m). 
The identities of the curvature tensor will therefor be altered, and its irreducible 
parts look in the generic case like 



(2) 



Proposition 2.4 

Tiie four identities of the Riemann curvature tensor of an arbitrary connection 
are 



(0 
{^^) 

(Hi) 



R(ab)c 



^[abc] — V[aJhc] ^ -l- [ab c]e 



R 



ab(cd) — — (V[aQ)b]crf — -^Tab'^Qecd 



(iv) Rabcd - Rcdab —-j{R[abc]d + R[bcd]a - R[cda]b - R[dab]c) + 

+ Rab(cd) ^ Rbc(da) ^ Rcd(ab) + Rda(bc) + Rac{db) ~ Rdb(ac) 



By the skew-tableaux (the two tableaux on the right in equation (2) above) it 
is stressed that these two irreducible parts will vanish when the connection is 
metric, i.e, the right hand side of identity 3 vanishes. In the generic case there 
are two possible contractions that can be made. 

Definition 2.5 

Let V be an arbitrary connection on a manifold ^ with curvature tensor, R. 
From the curvature it is possible to construct two types of (2, 0) tensors by 
contraction, namely, 

Rab • — Racb ; 
Vab '■= Rabc^- 
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The first one is the generahzed Ricci tensor and the second one will here be 
refered to as the Schouten two-form. 

The identities of the Ricci and Schouten tensors can be read off directly from 
the original curvature identities. 

Proposition 2.6 

Let Rab be the Ricci tensor and Vat the Schouten tensor of an arbitrary con- 
nection, V, then the second and third curvature identities implythe relations, 

2-R[a6] = Vab - '^cTab' " 2V[aTii,] - T^b^Tc, 
Vab = -(V[a<3)f)] - -^Tab'^Qc 

The only integrability conditions to the curvature identities are the Bianchi 
identities. 

Proposition 2.7 

Let V be an arbitrary connection with curvature tensor R, and torsion tensor 
T. Then the Bianchi identity reads 

from which the identities involving the Ricci tensor Rab, and the Schouten two- 
form V, are derived, 

2V[o-R6]c + Tab'^Rdc = VdRabc" — "^T^la^ I^bjec'^ 

dV = 



2.2 Conformal transformations 

Below, conformal transformations in the case of an arbitrary connection are 
studied. There will be some changes compared to the ordinary Levi Civita case 
when the connection involves torsion and non-metricity. 

Definition 2.8 

Let ^ be a manifold with metric g, let further V be an arbitrary connec- 
tion on ^ . Let % := e^'^g denote a conformal transformation then define the 
conformal tensor, denoted by , with characteristics 

by 

where X, F e A^ are vectorhelds on M . 

By a straight forward calculation one ends up with the transformations of the 
characteristic tensors of a connection under conformal transformation. 
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Proposition 2.9 

Let ^ be a manifold with metric g and V be an arbitrary connection on ^ . 
Let R, T, Q denote the Riemann, torsion and non-metricity tensors respectively. 
Then their transformations under a conformal transformation can be expressed 
in terms of the conformal tensor, as 

'R{X, Y)Z - R{X, Y)Z ={Vx'^)(Y, Z) - (Vy'^^)(X, Z) + 

+ '<^{x, '^(r, z)) - '^(y, "^(x, z)) + '^{T{x, r), z), 

T(X, Y) - T{X, Y) ='S'{X, Y) - ^(y, X), 
V{X, Y, Z) - e^^Q{X, Y, Z) =e^^[2X[cj,]g{Y, Z) - g{^^{X, Y),Z)- g{Y, ^{X, Z))] 

In the case of the Levi-Civita connection the conformal tensor is most easily 
extracted from the above proposition. 

Proposition 2.10 

Let ^ be the Levi-Civita connection on a manifold with non-degenerate metric 
g, then its conformal tensor, denoted by ^ , reads 

a^{X, Y) = X[<^]Y + Y[<P]X - g{X, Y^ddp 



From these two propositions the conformal tensor in the generic case can be 
derived. 

Proposition 2.11 

Let V be an arbitrary connection on a manifold ^ with non-degenerate metric 
g, let further S, P denote the contorsion and the con-metricity tensor respec- 
tively. Then the conformal tensor of V reads 

^{X, Y) = Y) + "Six, Y) - S{X, Y) + "P(X, Y) - P{X, Y) 

3 The connections associated with an almost prod- 
uct structure 

Here a quick review on the concepts of almost product structures will be given, 
for a more thorough treatise see refs. [Q, ^ . 

Notation 3.1 

We will denote the objects on our space with an underline, i.e., 

^ Manifold 

TJ( Tangent bundle of ^ 

T* ^ Cotangent bundle of ^ 

g Metric on 

d Exterior derivative 

X Vector held on 
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to list the primarily used objects. Wc will use this underlining principle for all 
objects on ^ whenever there may be risk of confusion. 

Definition 3.2 

Let I be an almost product structure on a manifold with ricmannian metric 
g and let X, Y £ TJi be vector fields. Then the triplet 9,1) is called 
an riemannian almost product structure or simply an almost product 
manifold if 

g{IX,IY)=g{X,Y) 

or in other words, I is a automorphism of g in the sense that the following 
diagram commutes: 

— 

£ £ 

T*^ ^ T*^ 

/* 

i.e., 

I* ogoI = g 



Proposition 3.3 

Let the triplet . g, I) define a riemannian almost product structure on ^ 
with dim^ = m, then 



(i). /2 
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(a). All eigenvalues are ±1. 

(Hi), tr/ = 2k — m, where k is the number of positive eigenvalues. 

(iv) . I e Gr{k,m) = 0{rn)/{0{k) x 0(m - k)). 

(v) . There is a preferred base called the oriented base in which I is diagonal 

and ordered, i.e., it takes the form 



( 1 



-1 / 



The almost product structure will serve as a rigging of the tangentbundle by 
looking at the spaces of eigenvectors to the almost product structure. 
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Definition 3.4 

Let I be an almost product structure on then I defines two natural distri- 
butions of TJi, denoted D and CD' respectively, in the following way. Let 

:= {X e : IX = X}, 

D'^ := {X e : IX = -X}, 



then 



D := y D,, 2)' := |J 



Seen as an endomorphism of the tangent bundle two projection operators can 
be formed from the almost product structure as it squares to one. These will 
now be projective mappings from the tangent bundle to these two sub-bundles 

defined above. 

Definition 3.5 

From an almost product structure I on a manifold ^ we can define two pro- 
jection operators through 

r 1(1 + 1) 
-P' ■■= li^-i)- 



These will be mappings in the sense V : — > D and V : D' respec- 

tively. 

The Riemann metric in the triplet of a almost product manifold will now split 
into two parts which will be the induced metrics on these two sub-bundles of 
the tangent bundle. 

Definition 3.6 

Let ^ be a riemannian or pseudo-riemannian manifold with metric, g, I a 
reflective structure with V and V the corresponding projectors, then define the 
two associated metrics with respect to the reflective structure by 

g{X, Y) := g{VX, VY), g'{X, Y) := g{V'X, VY) 

which implies that g splits into these two parts, i.e., 

g = g + g'- 



3.1 Tensors associated with an almost product structure 

There is one main tensor in the context of almost product manifolds and that 

is the deformation tensor. This tensor is most suitably decomposed into two 
irreducible parts namely the Nijenhuis tensor and the Jordan tensor. 
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Definition 3.7 

Let the triplet i^^, g, I) define a riemannian almost product structure and define 
the Nijenhuis tensor as the measure of how much dj fails to be a coboundary 
operator. The Nijenhuis tensor is thus a (2,1) tensor. Let X,Y € be vector 
fields on then the characteristics of the Nijenhuis tensor are 

Ni{X,Y) : X I — > 

and we define it through the quadratic action of di on functions f € C°°(^), 

< -Ni{X,Y),df >:=djdjfiX,Y). 

It follows that the Nijenhuis tensor measures the failure in closure of the oper- 
ator di and can thus be considered as a kind of torsion. Alternatively, as the 
equivalent definition below shows, it measures the curvature of the endomor- 
phism, i.e., 

Ni[X,Y] := I{[X,Y]j)-[I{X),I{Y)] 

Alternatively the Nijenhuis tensor can be seen as measuring how far this endo- 
morphism is from being a Lie algebra homomorphism of the infinite- dimensional 
Lie algebra of vector fields on 

Definition 3.8 

Let the triplet , g, I) define a riemannian almost product structure, and let 
{•, •} be the Jordan bracket. The Jordan tensor associated to I, denoted Mi, 
with the following characteristics: 

M/ : A^ X A^ I — > A^ 

is defined by, 

Mi{X, Y) := I{X, Y}i - {IX, lY} 

where X,Y € A^ are vector fields on The analogy to the Nijenhuis tensor 

is obvious . 

Both the Nijenhuis and the Jordan tenor can be expressed entirely in terms of 
the covariant derivative of the almost product structure. 

Definition 3.9 

Let the triplet {^y^, g, I) define a riemannian almost product structure. Let V 
be the Levi-Civita connection on and define the deformation tensor asso- 
ciated with the endomorphism I, denoted Hj, with the following characteristics: 

Hi:A^xA^< — > A^ 

Hi is defined by the expression 

Hi{X,Y) := {IV^I-YjxI)iY), 

where X,Y G A^ are two vector fields on An equivalent definition is given 
by, 

Hi(X,Y) :^NiiX,Y) + MiiX,Y). 
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Looking at the characteristic tensors of a distribution the deformation tensor 
of an almost product structure can now be decomposed into the deformation 
tensors of the two complementary distributions defined by the almost product 
structure. 

Definition 3.10 

Let D be a k-distribution with projection V on a riemannian manifold with 
non-degenerate metric g. Let V be the Levi-Civita connection with respect 
to this metric and let V := 1 — V be the coprojection of D. Now define the 
following tensors with characteristics 

H,L,K : Ai, X I — > A^, 
k: A^, I — >R 

and 

(i) H{X, Y) := V%,xVY deformation tensor, 

(m) L{X, Y) := ^{H{X, Y) - H{Y, X)) twisting tensor, 

{in) K{X, Y) := ^{H{X, Y) + H{Y, X)) extrinsic curvature tensor, 
{iv) := trH mean curvature tensor, 

{v) W{X, Y) ■= K{X, Y) - ^^Kg{X, Y) conformation tensor. 

This gives us the decomposition of the deformation tensor in its anti-symmetric, 
symmetric-traceless and trace parts accordingly, 

H = L + W + ]-^Kg. 

k 



The extrinsic curvature tensor and the twisting tensor can be written in a more 

elegant fashion. 

Proposition 3.11 

Let D be a distribution on a manifold ^ with metric g, let further g{X, Y) = 
giVX, VY) be the induced metric on the distribution, then the symmetric part 
of the deformation tensor can be written like 

K{X,Y){v) =~^i^,g{X,Y), or ^K{X,Y,Z) =-^^z'9{X,Y), 

where the prime denotes projection along the normal directions by V. The 
relation for the anti-symmetric part on the other hand is 

L{x,Y) = lr'[vx,rY] 



The conformal properties of the irreducible parts of the deformation tensor can 
be found in next proposition. 
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Proposition 3.12 

Let be a riemannian manifold with metric g, let I be an almost product 
structure on ^ which split the metric in g = g + g' and let A = e^"^ be a 
conformal transformation on g, i.e., '^g = Xg then the symmetric parts of the 
deformation tensor will transform like 

'K{^) = K{^)-^X-'^^'[X]g = K{^)-^ct>]9 

^k(X) = k{X) - ^kX~^X'[X] = k{X) - kX'[^] 

W = W 
"1 = 1 



Now denoting the deformation tensor of tlie complementary distribution D' by 
H' and its irreducible parts by L',K',k',W' respectively we can express the 
Nijenhuis tensor and the Jordan tensor in terms of these characteristic tensors. 

Lemma 3.13 

Let I be an almost product structure on a manifold ^ and let its associated 
projection operators be "P := ^(1 + /), V := ^(1 — I), then 

(i) N-p =Np' 

(ii) Ni =m-p 

(m) hj?,V\=Nv 

{iv) N-p {X, Y)=- P'[VX, VY] - V [V'X, PY] 



Proposition 3.14 

Let the triplet (i^, g, I) define an riemannian almost product structure and let 
L, L' be the twisting tensors of the distributions defined by I . Then 




= -L-L' 



Lemma 3.15 

Let I be an almost product structure on a manifold and let its associated 
projection operators heV := ^(1 + /), V := ^(1 — /). Let M denote the Jordan 
tensor, then 

(ii) Mi =4Mp 

(m) i{p,p'}=Mp 

[iv) M-p {X, Y)=- V'{VX, VY] - V{V'X, VY} 
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Proposition 3.16 

Let the triplet (;^, g, I) deGne a riemannian almost product structure, K, K' 
be the extrinsic curvature tensors of the distributions defined by I, then 

-Mi = -K -K' 



3.2 Three relevant connections 

In a almost product manifold there are three different connections of importance, 
which will be defined in this subsection. The first is of course the Levi-Civita 
connection, from which the other two will be defined by simply adding a tensor 
to it. These will be refered to as the adapted and the Vidal connection. Their 
basic feature is that they commute with the almost product structure which 
means that they respect the rigging of the tangent space defined by the almost 
product structure. The additional feature of the adapted connection is that it 
is metric which together with the above feature implies that it respects the in- 
duced metrics on the two characteristic distributions associated with the almost 
product structure. The Vidal connection which is metric iff the characteristic 
distributions are geodesic will play an important role when looking at gauge 
theories and fiber bundles since they need no metric in the total space and are 
of the type {GF, GD). By adding the group metric to the fiber we can construct 
an almost product manifold in which the Vidal connection will reduce to the 
gauge covariant derivative. This will be explicitly done in section 5. The curva- 
ture components of the Vidal connections lying entirely in the tensor algebra of 
the characteristic distributions, also called the semi-basic parts, will in a more 
natural way measure the curvature in the respective distributions. This is due 
to the fact that it does not depend on the connections in its co-parts. What 
this means explicitly will become clear when the relations are derived. 

Definition 3.17 

Let ^ be a riemannian or pseudo-riemannian manifold with non-degenerate 
metric g and corresponding Levi-Civita connection V. Let I define distribu- 



tions as in definition 3.4. Then the following two deGnitions of the adapted 



connection are equivalent 

(i) . YxY :=VxY + A{X,Y), A{X,Y) := ^IVxHy) 

(ii) . VxY := VV_xVY + VVxVY 



Definition 3.18 

Let ^ be a riemannian or pseudo-riemannian manifold with non-degenerate 
metric g and corresponding Levi-Civita connection V, let I define a foliation. 
Then the Vidal connection is defined by 

txY ±xY + B{X, Y), B{X, Y) -.^ i(V,^/ + IVyI){X). 
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Proposition 3.19 

Let X_,Y_ be vectorHelds on an almost product manifold q, J), let X 
VX_, X' = 'P'X_ and similar for Y_. Then the Vidal connection can be written 



VVxY V\X, Y'] 
r[X',Y] PVx^Y' 



The two recently introduced tensors, A and B, are in fact related. 



Proposition 3.20 

Let B be the tensor defined in 3.1^ and A the tensor defined in 3.11 , then it is 
possible express the tensor B in terms of A and the almost product structure I 
as 



B{X,Y)^^{A{Y,X) 



A{IYJX)). 



The most important property of the two connections defined above, is that they 
both commute with the almost product structure. 



Proposition 3.21 

Let V den ote th e adapted connection defined in 3.11 and V the Vidal connection 
defined in 3.18, then their principal feature is that they both commute with the 
almost product structure I, i.e., 







Only one of them though will, in the generic case, be metric and that is the 
adapted connection. 



Proposition 3.22 

Let the triplet {^y^, g, I) be a riemannian almost product structure on 



and 



3.17 


, t 


to 


3.^ 



Vg = 
Vg' = 



The connection components takes a most pleasant form in the oriented basis. 
The notation, 

will be used, where unprimed(primed) index denotes the basis of the character- 
istic unprimed(primed) distribution. 
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Proposition 3.23 

Let the triplet g, I) define a riemannian almost product structure, let uj, 

w and w denote the connection one-forms of the Levi-Civita connection, the 

adapted connection and the Vidal connection respectively. Let furthermore 
H, H' denote the deformation tensors with respect to I and C, C be coefEcients 
of anholonomy Then 



u = 



(jO = 



(jO = 



Ul 




/ 0' 


H' 


-H* 






w' 


U! 


' ) 


( n' 








n J 






LU 


n 


/ c 










'I 





The coefBcients of anholonomy are defined by [Ea,Ei] =: C^i'^Ec and can be 
used to express all the connection components and the deformation tensors. It 
is interesting to note their behaviour under a local 0{k) x O(fc') transformation: 

Cab^ =Ua'^ui,'^Cde^ Uf^'' + 2E\^a[ub\^\iif^'^ , Coefficients of anholonomy 

Cab"' =Ua'^Ub''Cde^'uf,''' , TCHSOr 

Ca'b"" =Ua''^' Ub'Cd'e^u'l'' + Ea' [ub^]uf'', Connection 



This is what enables the defininition of the Vidal connection, i.e. the observation 
that the Cav'^ , Ca'b'^ parts of the structure coefficients transform as connections 
under local 0{k) x O(fc') transformations. 

Proposition 3.24 

Let UJ, f7, H, L, K be the components of the Levi-Civita connection and C the 
coefEcients of anholonomy, then they are related through the following relations. 



Cabc 


— 2W[a6]c 


Ca'bc 


= ^'a'bc + Hbca' 


Cabc' 


= '2'Labc' 


Ca'b'c 


= '^L'a'b'c 


Cab'c' 




Ca'b'c' 
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with inverse relations 



^abc 




V - 


2 (-lUt, ' l^yLLU J 


O' 

"a'bc 


— ^a'[hc] - 


V 

2 ^bca' 




K h 1 








Labc' 


V 






Habd 




^ Cd(ab) 




H'a'b'c 


V 


+ Cc(a'b') 




^a'b'c 


V 






^'a'b'c 


= Cc(a'b') 


V 




^ab' d 


— Ca[b'd] ' 




a c 


— Ca'[b'd] 


2 ^b'c'a 


' — -^Ca'b'd + Cc'(a'b') 



4 The curvature components and their relations 

As fiber bundles and fibrations are examples of almost product manifolds with 
the additional property of the existense of a surjective submersion of the total 
space down to a base space, it would be interesting to see what parts of the Vidal 
and adapted connections, which are defined on the total space, that survive 
under this submersion. In the total space two new differential operators were 
defined in [0. 

Definition 4.1 

Let I he an almost product structure on a manifold with exterior derivative 
d. Let furthermore dj denote the exterior derivative associated with I and define 
two new differential operators by 

d := \{d + dj) 

d' ■■= \{d~dj) 

An equivalent definition is by the two projection operators defined by the en- 
domorphism I, V := |(1 + /) and T" :~ |(1 ^ I), then the operators are simply 
d = d-p and d' = d-p,. 

These differential operators become coboundary operators if and only if the Ni- 
jenhuis tensor vanishes, which is the same as to say that both the characteristic 
distributions of the almost product structure are integrable. In a fibration for 
instance this is not normally true, except for the trivial case of a product mani- 
fold, so we will keep track of all components surviving the submersion and those 
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who will not. When it comes to these differential operators it is therefor clear 
that d defined above will in general differ from the exterior derivative defined 
on the base space. By projecting out the semi-basic parts of all quantities we 
can keep track of the parts that survives the submersion. 

Definition 4.2 

Let the triplet g, I) denote a riemannian almost product structure and D, 
T)' he the associated distributions then define the brackets associated with these 
distributions with following characteristics 

[■, -l^' : K\,,xK\,,^K\,,, 

by 

[X,Y]'^ ■.= V[VX,VY], 
[X,Y]'°' ■.= V\V'X,V'Y], 
where X,Y G are vectorGelds on 

Here it is clear that the twisting tensor that measures the amount of non- 
commutativity is non-semi-basic. The two brackets defined above will therefor 
not satisfy the Jacobi identity in the total space, but will differ with some terms 
involving the twisting tensors. The same procedure can be made to define the 
semi-basic torsions and curvature tensor of a distribution. 

Definition 4.3 

Let the triplet {^,g,I) denote a riemannian almost product structure and 
T), D' be the associated distributions. Let further T^'(Ty£) denote the set of 
{p, q)-tcnsors on ^ and T^{T>) (T^{'D') ) denote the set of tensors lying entirely 
in D (D'). Now define the associated Levi-Civita connections with following 
characteristics 

Y5': TPiT^)^TP{'D'), 

through 

where X,Y G are vectorfields on Further define the torsion and curvature 
of the corresponding connections by 

T^{x,Y) := v^y- v?x- 

T'°'{X,Y) :=V5V-V?'X-[X,F]^', 

and 

(X, r ) Z : = v5 V? Z - V? v5 z - vl^^^P z, 

R°\X, Y)Z := V^'Y^'z - Y?'Yx ^ - Yfx^Y]^' Z. 
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In this case it is clear that the curvature defined above, will not in general be 
tensorial in the latter indices. As before these non-tensorial parts will vanish 
under the submersion. The torsion will still be tensorial though. 



4.1 The Vidal connection 

In this subsection, all tensors associated with the Vidal connection will be de- 
rived, that is the torsion tensor, the non-metricity tensor, the Riemann tensor 
and its traces. The curvature identities are used to express all components but 
the two totally semi-basic ones only in terms of the different irreducible parts 
of the deformation tensor and its derivatives. From these curvature identities 
there also arise a couple of new relations involving only parts of the deforma- 
tion tensor. Two of these will evidently become the Bianchi identity of the two 
twisting tensors but two others will appear in a more unfamiliar fashion. 

Prom the definition it is clear that the Vidal connection is neither torsion- 
free, nor metric in the generic case of an almost product manifold. It is therefor 
interesting to see what the torsion and non-metricity tensor look like in this 
case. In ref. the following proposition was derived. 

Proposition 4.4 

Let the triplet (^^, g, I) define an almost product manifold, let Nj denote the 



Nijenhuis tensor of I and V denote the Vidal connection defined in 3. It , then, 

^Ni{X,Y)=tiX,Y). 



Together with proposition 3.14 the torsion tensor can be written in component 
form. 

Proposition 4.5 

Let T be the torsion tensor of the Vidal connection, V, then in component form 
it reads 



J-ab 


-0, 




J-ab 




'^Lab'^ , 


J-a'b 


=0, 




J^ab' 


=0, 




rp C 

J^a'b' 




r, r/ C 

'^^a'b' 


rp c' 

J-a'b' 


=0. 





and 



L, =0. 
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As was seen in [|] the torsion tensor measures the non-integrabihty of the two 
complementary distributions defined by an almost product structure. The non- 
metricity of the Vidal connection is put in the next proposition. 

Proposition 4.6 

Let the triple (i^, g, I) denote a riemannian almost product structure with 

associated metrical decomposition g — g + g' ■ Let further V denote the Vidal- 
connection then the following relations hold 

{tz'9)iX,y) = -'2Kz'{X,Y) = {^z'g){X,Y) 
{±z9'KX',Y') = -2K',{X'X) = {J^zg'){X',Y') 
{±z'9'KX',Y')^0 



In component form the non-metricity tensor can be read off from the next 
proposition. 

Proposition 4.7 

Let Q be the non-metricity tensor of the Vidal connection, V, then in component 
form it reads 

Q , =0 

—abc 

^ , , =0 
—abc 

~Q „, =0 

—a'b'c 

9.ab'c' ^ ^ '^^'b'c'a 

Q ... , =0 

—abc 

The two traces following from a three tensor symmetric in two indices is found 
to be 

Q :=Q =-2< 

_i_a —a " 

9^' = ^^Ka' 



The basic curvature relations are found from definitions |^ and 4.3, they are 
given in the proposition below, 
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Proposition 4.8 

Let V be the Vidal connection and R denote the curvature tensor theorof then 
the different parts reads 

R{X, Y)Z = R^iX, Y)Z - 2r[L{X, Y), Z] 
R{X,Y)Z' = -2{V_z:L){X,Y) 

R{X, Y')Z = VVxV[Y', Z] - V[Y',PVxZ] - VVv[x.Y']Z - V[V\X,Y'], Z] 



In order to deal with the curvature identities it is convenient to put these rela- 
tions in component form. 

Proposition 4.9 

Let R be the Riemann-tensor with respect to the Vidal-connection, then R has 
the following components, 

D d p2) d rt T e d 

i±abc —^abc ~ '^^ab '-'e'c 

Rabc'"^ =0 

Rabc'''^ = - 2(V^,i)at'^ 

S^a'bc"^ ^Ea'l'-Ubc'^] — Ei,[C'a' c"^'] — Ca'b'^^ec'^ — Ca'b'^ Ce'c'^ — C a' c"^ LObe^ + ^bc^Ca'e'^ 

Ra'b/ =0 

Ra'bc''^ =0 

Sia'bc'^ ~E!a'[Cbc''^ ] ~ Ebl'^a'c''^ ] ^ Ca'b^ OJe'c''^ — Ca'b'^Cec'^ — ^a'c''^ Cbe''^ + Cft, 

Ra'b'/ = - 2(Vci)a'b''^ 

Ea'b'/ =0 

Ha'b'c''^ =0 

D d p2) d c\ T er^ d 

£La'b'c' —-^a'b'c' ~ '^J^a'b' Oec' 



This is the "raw" expressions for the curvature components of the Vidal con- 



nection, but after using the identities of the Riemann tensor seen in section 2.4 



these will simplify remarkably. There will also appear a couple of identities in- 
volving only parts of the deformation tensor. Starting with the second identity 
it can be seen, using the Tic-Tac-Toe notation introduced in appendix A, that 
the second identity can be split according to the rigging into 8 irreducible parts, 
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corresponding to the following young tableaux. 




Here will be listed only the first half of the identities as they of course are 
symmetric upon changing primes and unprimes. 



abc] 



Rc'lab]'^ 



d' 



ihibc' — 






Le' T f d 
ab J-'c'e' 

— 2V_f.,Lab'^ 



(3) 
(4) 
(5) 
(6) 



So in conclusion the first identity is structurally inherited by the totally semi- 
basic part of the Vidal curvature, the second leads to a bianchi identity for 
the twisting tensor, the third relating the anti-symmetric part of Kc'lab]" 

terms of the twisting tensors and the fourth a faster way of deriving the Rabc'^ 
component. Thus, the following proposition is proved: 

Proposition 4.10 

Let V be the Vidal connection associated with a almost product structure and 
L, L' be the respective twisting tensors of the associated distributions then the 
following Bianchi identities hold, 



^{a'^'b'c'] 



The third identity which is decomposed as, 



o 







X 


X 







X 



55' o o © 



\x\x\ 



) 







\x\x\ 



In this case there are 9 irreducible parts of which five will be listed and the 
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other follows due to symmetry. 

Biab{cd) = -'^^•ah' Kcde' (7) 
Ra'Hcd) = -(VfcK)cda' (8) 

= 0, (9) 

kabic'd') = 2(V[,i^')c'd'lbl (10) 

= (11) 

The first identity here gives no new information, the second gives yet another 

part of the Ra'bcd component, the third and the fifth contain nothing while the 

fourth together with the original expression for the liabc'd component gives a 
new non-trivial identity which proves the next proposition. 

Proposition 4.11 

Let V be the Vidal-connection, K, L, K' , L' be the second fundamental tensors 
of a almost product structure then we have the following identities 

{X', Y') + V^x'Ly') {Z, W) = 
%Z'Kw'] {X, Y) + V^xL'y) iZ', W) = 
In component form the same expressions read 

{Y.[aK')c'd'\b] + {%c'L)ab\d') =0 
{y[a-K)cd\b'] + (V(,L')a'6'|d) =0 

Contracted the identities read 

{%a^')b] + {hL)ab'' =0 
{%a-^)b'] + (ici)a'b'^ =0 



Here the notation 



Lx'{Y,Z) ■.= giLiY,Z),X') 



is used. The last identity of the Riemann curvature is the most non-trivial of 
them all. It can be decomposed through the box symmetry, i.e. 






o 










® 













X 




X 


X 




X 


X 





o 


® 





X 




X 


X 


® 





X 


® 


X 





® 


X 


X 



The only identity of these which gives new information is the second why it is 
the only one listed. This identity though gives the opportunity of writning the 

entire Ra'bcd component purely in terms of the different parts of the deformation 
tensor and its derivatives. 



Ra'bcd = -{%K),aa' -2{%J<)a] 



ba' 



b[c ^a'e'\d] 



(12) 



This relation together with the identity in 4.11 prooves the following proposition 
which is the final form of the Vidal curvature components. 
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Proposition 4.12 

Let R he the curvature tensor of the Vidal connection then its components can 
be written 

Buibcd —^bcd ~ '^^ah' C'e'cd 
BLahc'd =0 

^afec'd' =2[(V[o-ft'')c'd'|6] - (V[c/i)a6|d']] 

Ra'hcd = - i^K)cda' - 2(V[gi4r)rf]f,o' + 2Lcf L'^'e'b " ^Lfc^c" L'^'e'\d] 
BLa'bcd' =0 
Bia'bc'd =0 

Ra'bc'd' ^{^•K')c'd'b + '2.{^[c'K')d']a'b - 2L'^,^,''Lbea' + 4:1'^,^^," Lbe\d'] 
B^'b'cd =2[(V[„/ii')cd|6'] - (V[ci')a'6'|d]], 
Bia'b'cd' =0 
Bia'b'c'd =0 

Bia'b'c'd' =-^?6'c'd' ~ '^La'b'^'Cec'd' 

From the final expressions of the Vidal curvature components the Schouten two- 
form and the Ricci tensor can be derived. For the Schouten two-form it is easily 
seen that it ends up as a total exterior derivative of the two mean curvatures by 
looking at the trace of the curvature two-form in the Cartan formalism, namely, 

V := = d^s^ = dK + dn'. (13) 

Now of course Co is only a local object, and therefor it is not sure that V can be 
written as an exact form globally - this leaves us with the following proposition: 

Proposition 4.13 

Let V be the Vidal connection then the Schouten two-form, 'V_, of the Vidal 
connection can locally he written 

V = dni 

where kj = k + k' . From the integrability condition dV = it is obvious that 

V e 

where H"^ (^) denotes the second cohomology group of the manifold In 
component form the Schouten two-form looks like 

tab =2{%n%-2L,/K,,, 

ta'b=i^'K')b-Ctbl^)a', 
ta'b' =2(i[a'«)6'] - 2L„'b' = 4. 
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Now finally the Ricci tensor and the curvature scalar of the Vidal connection 
can easily be derived. 

Proposition 4.14 

Let V be the Vidal connection then the Ricci tensor reads in component form 

k'b=-itb^)a'+^LjL',,,,^ 
Rab' = - (Yfc/K')a + 4iac^ L'^' e'" 
i±a'b' —^a'b' ^ '^^a'c' '^eb' 

and the Riemann curvature scalar is given by 

R^R + k = R° +R^' - iLab""' Cc''"'' - 2Ll,(,/Cc"'''' 



4.2 The adapted connection 

In direct analogy to the previous section, several curvature- and torsion relations 
are derived with respect to the adapted connection. In contrast to the Vidal- 
connection the adapted one is metric. In this case the Nijenhuis-tcnsor is related 
to the torsion in the way showed by the next proposition. The metricity of the 
connection has its price though, as is seen below the torsion tensor is more 
complicated in this case. Some generalized Bianchi identities for the twisting 
tensor L is also yielded in this case. All tensors, except the totally semi-basic 
ones, derived from the Riemann tensor, are expressed in terms of the irreducible 
parts of the deformation tensor. 

Proposition 4.15 

Let the triplet (;^, g, I) dehne an riemannian almost product structure, let Nj 



denote the Nijenhuis tensor of I and V the adapted connection defined in 3.11 
then we have the following relation, 

]^Ni{X, Y) ^ T(X, Y) + T{IX, lY) 



Proposition 4.16 

Let T_ be the torsion tensor of the adapted connection, V, then in component 
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form it reads, 



and 



rp c 


=0 


rp c' 


= - 2Lab'^ 


Ta'b' 


= — Hh^a' 


rp c' 

=Lab' 


ttI c' 
— - ^b' a 


t.'b'" 




rp c' 

ia'6' 


=0. 


f 

—a 




f , 
—a' 





The curvature components can further be simphfied as shown in the next propo- 
sition. Notice that they are expressed in terms of the Vidal connection. 

Proposition 4.17 

Let R be the Riemann-tensor with respect to the adapted connection, then R 
has the following components. 





' —h d 

—i^abc 


+ 2L(jb^ Hc'^e' 


p d' 
±^abc 


=0 




if d 
i±abc' 


'=0 




p d 
ihibc' 




'' - 2(V[„i/')c''^ |6] 


Ti <^ 
ihi'bc 


! p a 

—t±a'bc 


' + {YbH)/a' 


D d' 
ihi'bc 


=0 




i^a'bc' 


' =0 




p d' 
ihi'bc' 


=Ra'bc' 


- {±a'H)c'''b 


D d 
±±a'b'c 


' tS 


" - 2{%'Hy\b'] 


p d' 
ihi'b'c 


=0 




ihi'b'c' 


' =0 




h d' 
ila'b'c' 


=Ra'b'c' 


+ 2La'b'^Hc''^ e 



- IH^i [a-tie' \b] 



2iJc' [a'-f^e'^|b'] 



where, 

Biabc''^ •= Ea[^bc''^' ] — Eblflad'^ ] — Cab'^^ec''^ — ^.Q^alc''' ^6]e''^ ~ 2Lab^ UJe'c''^ 
Bia'b'c' •= Ea'\p.b'c''\ + Eb'^a'c''] — Ca'b'^ ^e'c^ — 2f^[o'|c'^^6']e'' ~ "^L'^^iy^ ij^ec' 
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Using proposition 4.12 the curvature tensor of the adapted connection can be 
written entirely in terms of the semi-basic parts of the Vidal curvature, parts of 
the deformation tensors and the Vidal covariant derivative thereof. 

Proposition 4.18 

Let R be the curvature tensor of the adapted connection then its components 



can he written 






Habcd —Habcd + 2Lafc Hcde' 






Seabed' 






Siabc'd =0 






Eabc'd' = - 2[(V[„L')c'd'|6] + (V[c'i)a6|d'] " 


- H'/ 




Ea'bcd ^{YjbL)cda' - 2{Y.lcK)d]ba' + '^Lcd" 


T' 

^a'e'b 


- 4if,[c'' ^'a'e'\d\ 


Ha'bcd' 






Sia'bc'd =0 






Ha'bc'd' = - (V^'^Oc'd'b + 2(V[c/if')d']a'6 - 


•^L'^'d 




lia'b'cd = - 2[(V[„,i)cd|b'] + {Y.lcL')a'b'\d] - 


' He {a 


'Hde\b']] 


Ra'b'cd' —0 






Ra'b'c'd =0 






Ra'b'c'd' —Ra'b'c'd' + 2I'a'6' '^^^c'd'e 







These relations can be expressed purely in terms of the adapted connection 
instead of the Vidal connection. 

Proposition 4.19 

Let R be the curvature tensor of the adapted connection then its components 
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can he written 

Habcd =Rjibcd + '^Lab' Hcde> 
Rabcd' =0 
Rabc'd =0 

Rabc'd' = - 2[(V[„-^')c'd'|b] + {Y.[c'L)ab\d'] - Wl.,"" [aW^d'e'lb] + -^c'^ [aL'd'e'\b] + 

2 

+ 2i[a|''c'-^b]ed' + '^W[a^[c'Lb]e\d'] + ■^iafc[c' '^d'] ] 
Ra'bcd ={Yj,L)cda' - '^{Y.[cK)d]ba' ^ Led"" H'^'a'b " 2A'b[c|^ -f^e'a'ld] 
Ra'bcd' 
B^a'bc'd =0 

Ha'bc'd' = - {^a'L')c'd'b + 2(V[^/i4r')d']a'6 + ^c'd'" H'^ba' + 2^a' [c' | "-f^efcld'] 

= - 2[(V[„,L)cd|b'] + (V[ci')a'fc'|<i] - [a'Wde\b'] + [a' Lde\b'] + 

, 2 
+ 2i[Q/|'' c-t'b'Je'd + 2W^[a''' [ci6']e'|d] + Jjl^a'b'lc'^d]] 

Ra'b'cd' —0 
Ra'b'c'd =0 

Ha'b'c'd' —Ra'b'c'd' + 2ia'b''^^c'rf'e 



From previous proposition the Ricci tensor of the adpted connection can simply 
be deduced by contraction as the adapted connection is metric. It should be 
stressed that this Ricci tensor is in general not symmetric. 

Proposition 4.20 

Let V be the adapted connection tlien the Ricci tensor reads in component form 

Rab =Rab + "^La/ Hb'^ e' 

Ra'b =i'^H)t''a' - Hbc" H'^'a'" - (^b'«)a' + H'^'a'b 
Rab' H±c'H')b'''a - HI,^,'HJ - i%K)a + k"" H,ab' 

Ra'b' —Ra'b' + 2ia'c' -^b' e 

and the Riemann curvature scalar is given by 

R = R + R' = R + h' + 2Lab^'L''\, + 2L;,fc,U'"'''', 



The generalized Biachi-identities for the twisting tensor L are given in next 
proposition. They were derived by using the antisymmetry ((i) of proposition 
2.4) and th e com ponents expressed in terms of the adapted connection, see 
proposition 4.19| . 



25 



Proposition 4.21 

Let V be the adapted connection associated with an almost product structure 
and L, L', K, K' be the respective twisting and extrinsic curvature tensors of 
the associated distributions then the foUowing identities hold 

^[aLbc]"^ + L[abf He'"^ |c] =0 
Y.[a'Lb'c']'^ + L[a'b'\''He'^\c'] =0 



As was seen in previous subsection, where the Vidal connection was studied, 
new identities between parts of the deformation tensors arose as integrabihty 
conditions on these while imposing the identities of the curvature tensor. These 
were derived in proposition 4.1£ above and in the same fashion the corresponding 
identities for the adapted connection arise. 

Proposition 4.22 

Let V be the adapted connection, K, L, K' , L' be the second fundamental tensors 
with respect to a almost product structure, I, then the following identities hold 

{'^laK')c'd'\b] + {'^{c'L)ab\d'} - "^L'ic'C [aK'e'\d')\b] ~ "^^[^1" {c' Le\b]d') =0, 
{'^[a'K)cd\b'] + (Y(cL')a'f,'|d) - '2L{c\''[a'Ke\d)\b'] " "^K'^^'l" (c-^e'|6']d) =0- 

These identities look in the contracted case like 

(Y[,,^),-] + {±,L),,b'' - 2W[,,\^' ,L,,\,,f - =0. 



4.3 The Levi-Civita connection 

In this section aU curvature relations for the Levi-Civita connection is given. 
The curvature, Ricci and the curvature scalar are expressed in terms of the irre- 
ducible components of the deformation-tensor. Starting from Cartan's structure 
equations and writing the curvature two-form as, 

_[ duj_/ -tj^^ Atj/ ~H/ A H^,'^, dH/-uj_^^AH/-H/Aui^/ \ 
~\dHc''^-^''''^H^'''-Hc'^Aui/, dui^/' -ui^/ Alj^,'^' -H^,'' AH/' J 

the components can be given in terms of the adapted connection. 

Proposition 4.23 

Let R be the Riemann-tensor with respect to the Levi-Civita connection, then 
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R has the following components, 

Rabc'^ =S,abc'^ + '^H^a\c^ H^" e' 
B^abc^ =2(Y[„-ff)6]c'' + 2Lab'' H'^'^ c 

B^abc'''' = ~ 2(V[„/f)6]'*c' - ^Lab"" H'^'c''^ 

D d' r» d' , cfTT e tj d 

tiabc' —ihibc' +^-"[a| c'-H6]e 

D d p d Tjl e' TT d _i_ TJ e' rjl d 

£±a'bc —i±a'bc ~ ^a' c^b e' T -"6c -"o'e' 

D (T7 TJ\ d! I /V7 Z17'^ rf' U u d' Jjl e Tjl d' 

iLa'bc — (.-Va'-njfec -r\\U,n)a' c-tiba'tl^c - J^a' b^e' c 

Bia'bc''^ = ~ {'S^'H)b^c' - (V(,i?')a'c''^ + Hb^a'He^c' + H'^^'" bH'g,^, 

p d' p d' ttI e tt d' , tt e ttI d' 

ihi'bc' —£±a'bc' ~ ^a'c' ^be T -«6 c'-«a' e 

p d p d I o tt/ e' ttI d 

Ha'b'c —Ha'b'c + ^-"[a'| c-«6']e' 

ihi'b'c — - ^V-V[a'-n )b'] c - ^^a'b' -"ec 

B^'b'c''^ =2(V[„/if')5']c''' + '^L'^'v'^H/c' 

p d p _i_ O W' ^ P7"' *^ 

ila'b'c' — iia'b'c' ^-"[o'|c' -"&'] e 



These are also known as the Gauss-Codazzi relations. In the case of the Levi- 
Civita connection though, it is clear that its curvature tensor possesses the box 
symmetry, i.e. 



From the Tic Tac Toe notation it follows that the box symmetry reduces to 
six irreducible parts under a rigging. From the previous analysis of the Vidal 
and the adapted curvatures these can again be written entirely in terms of the 
semi-basic components and parts of the deformation tensors. 

Proposition 4.24 

Let R he the Riemann tensor with respect to the Levi-Civita connection then its 
components can be written in terms of just the deformation tensor and adapted 
covariant derivatives thereof plus the complete longitudal and normal parts of 
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the adapted curvature, 

Habcd —liabcd + 2-ff[a|c^ Hf^-^cle' 
Rabcd' ='2iY.[aH)b]cd' + 'i'Lab" H'^'d'c 

Rabc'd' = ~ 2[(V[c/i)a6|d'] + ( V [„Z/')c'd' | f)] + L[a\'' c' L^^d' + -^[c'|'' a^d'Je'b " 
Bia'bc'd ^-j^Bia'dbd ^ {'^(a'\K)bd\c') - {^(b^') a' d \d) + ^(6| "a' ^ti)ec' " ""a' -^ci)ec' 

Ea'b'c'd =2(V[„,ij')b/]c'd + 2L'^,f,,''Hedc' 
Ra'b'c'd' =Ra'b'c'd' + '^H[a' \c''^ ^'b']d' e 



In ref. g] these were deduced in terms of the Levi-Civita connection but as it 
does not preserve the rigging these are better expressed in terms of the adapted 
or the Vidal connection. Note that the expressions are only decomposed in 
terms of the irreducible parts of the deformation tensors, where it is necessary 
in order to make manifest the symmetries. In all other cases it is a straight 
forward process to do just by insertion. 

Proposition 4.25 

Let R be the Riemann tensor with respect to the Levi-Civita connection then 
its components can be written in terms of just the deformation tensor and Vidal 
covariant derivatives thereof plus the complete longitudal and normal parts of 
the Vidal curvature as 

Rabcd ^Kabcd + "^Lab" Hcde' + 2i?[Q|c'' i?f,]de' 
Rabcd' =2(V.[oi?)6]cd' + 2H[i,\/ H'd'e'\a] + 2^06" H'd d' c 

Rabc'd' = - 2[(Y[c'i)ab|d'] + (V[„i )dd'\b\ + -^,^^[a^dd'\b\ + -^*^{d ab\d'\ 

- W^a\\'W,^,a' - Wl,(\W'^,y^ - 2Wya\\dLb^e\d'\ ~ 1W[,,(\aL' - 

- L[afdLb]ed' - L'y^'C aL'd']db\ 

Ra'bdd =2Rbda'd -^Y.(a'\Kbd\d) - '^{b\K'a' c'\d) ~ {d\ {a''^b)ed) ~ i^(d\ {a' '^b)ed) 

- '^'^{d {a'\Lb)e\d) - -^Ha'KdVbd ~ ■^'«(a'| W^M|c') " 

- T4^(c,|'' {b\Wl^')dd) - L'(dC {bL'd)da') - 

- "^^Id^' {b\L'dy\a') - -^^^^'C - ^>i[b\Wa'd\d) 

Ea'b'dd =HY[a'H')b']dd + '2H'[b'\d''Hde\a'] + ^L'^,^,"" H edd 
Ra'b'dd' =Ra'b'dd' + '^^'a'b''^ H'^, + 2iJ'^,|^/_ff^,]^,g 
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From propositions 4.24 and 4.25 the Ricci tensor and the curvature scalar is 
most easily deduced. 

Proposition 4.26 

Let V be the Levi-Civita connection then the Ricci tensor reads in terms of the 
adapted connection, 

Rab ^Rab + Kb = Riab) ~ ^ (Y,, T^^fe - (V(,K')b) " {^'W)ab'' + ^I^^Vab + 

+ WJk,, + ^K'an', + W',,,,,W''''\ - L'^,,.,L'''''b 
Rab' =(^)(Y,«)b' + {^)ab'^')a + {ycW)a%' + 

/ / / 2 2 / 

Ra'b' =K'b' + K'b' = Eia'b') - lji^^')W a'b' - i^(a'^)b') - (Y,W^')a'6'^ + ^'^ v' 
+ + ^Ka'Kb' + Wcea'Wb' " L,,a'L''b' 



where the following definitions are used 

Rab -^Racb" = Riab) " Wa'^' Wbec' + {^^^) W abC + (^^)'7ah«' + La'^' Lbec' 
Kb --^Rac'b' = -{%a^')b) ~ (XrjW)ab'' ~ \{±c' >^r' Vab + W'^'aW',.,., + ^k'^k', 
- L'''''aL'^,e'b + Wa'^'Wbec' + WabC + ^VabK^ - La'^' Ltec' 

and similarly for the K'b' component. The Riemann curvature scalar is given 

by 

R=R + 2R" + R' = R + R' + ^-—^k^ + ^-^k''^ - 2V- kj + W'^ + W''^ - - L 

k k' 

where the following definitions are used 
R ■■=Rab''^ = R + K^ -K^ 

R" ■=Rab'"''' = -Y,,k"' - V,k'" + w^-l^ + + W'^ - L'^ + ^k'' 
R' ■■=Ra'b'°''^' =R' + - K'"^ + L'^ 



Part of which is found in 0. In the expressions on the curvature scalar above, 
we have used the following relation 

Y ■ = iv,,^r' + (v^^^r - - '^'^ (14) 

(15) 
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and the notation := Labc'L"'^'^ etc. In terms of the Vidal connection the 
Ricci tensor and the curvature scalar is given in next proposition. 

Proposition 4.27 

Let V be the Levi-Civita connection then the Ricci tensor reads, in component 
form, in terms of the Vidal connection 

~ -^'c'e'a^' b + '^La^° Lbec' 

Rab' =(^)(ia«)fe' + i^){±b"^')a + {l^WU^' + 
+ {tc'W)b'''a + {%L)a\' + {%,L')b/a + 

- LacVK,"" - Lb'c'a^"' - ^, ^ )Wac6'«'° - i^^-^)Wb' a'a^"' 
+ {'^)WU''k', + ^K^^Kb' + ^k'\',,,, + Wceu'W^b' - 

where the following definitions were used 

Rab ■■=Racb' = kiab) ' Wa'^' Wbec' + {^K' W^bc' + 

+ 3La^^ Lbec' + ^Lf^af^ Wb)ce' 
Kb ■■=Rac'b'' = -(i(a«')6) - (ic'W^)a6^' - ^(ie''^)'^'??a6 + W''''\w'c'e'b + ^n^, - 

- L'^'^' aL'^,e>b - Wa'^'Wbec' + ^VabK^ " L^'"' Lbec' " 2L(/^Ve|6)e' 

again similarly for the R'^'b' component. The Riemann curvature scalar is given 

by 

R=R + 2R" + R' = R + R' + + ^-^k'^ -2V-ki + W^ + W'^ + L" + L'^ 

k k' 

where the following definitions were used 
R=R + K^ -K^ + 3L^ 

R" = - ia'«"' - ia'«'" + VF^ - L2 + + W'^ - L'^ + ^k'^ 

k k' 

R' =k' + k'^ - K''^ + 3L'^ 
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4.4 Their conformal properties 



In an earlier treatment it was found that conformal transformations does affect 
a connection including torsion and non-metricity in a non-trivial fashion. Here 
will be given a complete analysis of the induced transformations of the Vidal, 
adapted and Levi-Civita connections. 

Definition 4.28 

Let the triplet (J^. q. I) denote an almost product manifold, let V, V, V de- 
note the Levi-Civita, adapted and Vidal connection respectively then dehne 
the associated conformal tensors denoted ^ with characteristics 

by 

nx,Y) 



X I — > A^ 

■■^'^xY-^xY 
■■^'^xY-^xY 
■■='^xY-±xY 



where X,Y G L^ are vectorhelds on ^ . 

The conformal tensor, corresponding to the Vidal and the adapted connection, 
can most easily be expressed in terms of the conformal tensor of the Levi-Civita 
connection. 

Proposition 4.29 



Let ^ be the conformal tensors defined in 4.28 then following relations 

hold 



Y) = X[cf>]Y + Y[^]X - giX, Y%<t^ 
'MX, Y) = V'liX, VY) + V''liX, VY) 

Y) = V'iiVX, VY) + v"iiv'x, VY) 



where X,Y e are vectorhelds on ./# . 

proof: To be added. ■ 

The difference between these conformal tensors manifests itself in a clearer way 
by studying the expressions in component form. The conformal tensor of the 
Levi-Civita connection is read of from the above proposition and is noticeably 
symmetric. 

Proposition 4.30 

Let ^ be the conformal tensor of the Levi-Civita connection then in component 
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form it reads, 



1^^" =25lE^)[cj>]-riabri"'EM 

=25f^,E,,^[<i>]-r,aW'Eci'[cf\ 



The conformal tensor of the adapted connection can now be derived from the 
above expressions. It should be stressed though that it is not symmetric. 

Proposition 4.31 

Let ^ he the conformal tensor of the adapted connection then in component 
form it reads 

=2SlE,^[cl>]-rjabV'''EM 

tab' =0 

tab'' =0 

ta'b" ^EA4>Wb 
tab'^' =EaWi;, 
ta'b^' =0 
ta'b'" =0 

ta'b''' =26l,E,.)[^-rja'bV'Ed'[ct>] 



Finally in the case of the Vidal connection the conformal tensor takes a very 
simple form and will, like in the Levi-Civita case, be symmetric. 

Proposition 4.32 

Let ^ be the conformal tensor of the Vidal connection then in component form 



32 



it reads 



la/ =0 
tab'' =0 
'la'b" =0 

kb'^' =0 

ta'b'' =0 

I,,,/ =25(,,E,,)[ct>]-Va'b'ri'''''EAct>] 



Well known is the fact that when decomposing the Riemann curvature tensor of 
the Levi Civita connection into its irreducible parts with respect to its traces, 
the appearing Weyl tensors measures whether the riemannian manifold is con- 
formally flat or not. More specifically, the vanishing of the Weyl tensor is the 
condition for local conformal flatness in the case when the dimension of the 
manifold exceeds three. The tracefree part of the Ricci tensor is defined by, 

Rab ■■= Eab - ^Sjl-ab (16) 

Next the Ricci one-form and the tracefree Ricci one-form are defined. 
Definition 4.33 

Let Rab- Rab denote the Ricci tensor and its tracefree part respectively then 
dehne their one forms by 

r" :=E^Rj," = R^- —RE^ 
m 



Denoting the Rimann two form ^ = \E^ A E^R^^ and the Weyl two form 
by C— = ^iJ- A E^C_afpi the decomposition is most elegantly written 



■^w?{w? — 1) 



j^(m - 3)TO(m + l)(m + 2) + i(TO-l)(m + 2) + 



C 



cd 



O 
1 



-A-^RE'' A E^ 

^(rr^— 1) — 
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After reinserting the expression for the tracefree part of the Ricci tensor and 
solving for the Weyl tensor the more famihar form is obtained 

C-J"- = R-J'' —SfRf. + % -,Mf-4 (17) 

— m-2 ['^-''1 (m- l)(m-2)- ''1 ^ ' 

From this equation the different components are read off and put in next propo- 
sition. 



Proposition 4.34 

Let C!'^ I 
look like 



Let C^'^ he the weyl tensor in an almost product manifold then its components 



cd 


D cd 


4 






m — 2 


cd' 


7j cd' 
—±Lab 


2 






m — 2 


^ c! d' 


p c'd' 




c d 


-Ha'b 


1 



I - 2 ["-''1 (m - l)(m - 2)- I" ''1 



■St,Rt] 



a-b ■ b-a, • (m - l){m - 2)- " 

r~i c'd 7D c'd rid 

L^a'b' -ILa'b' - ^ _ 2°[a'iib'] 

Ca'b'"'"' =Ra'b'"'''' —SY.Rfn + 1 1 ^R^Y'C 

—<^b -ab [a'-b'] l)(m-2)- I'' ''I 



From above proposition it is for instance clear that the R^i,^i'^ component of 
the Riemann tensor must be conformally invariant. Taking a look at its fi- 



nal expression in proposition 4.24 the only non-manifest conformally invariant 
terms, are those involving derivatives. These can be proved to be independently 
conformally invariant. 

Proposition 4.35 

Let L,L' he the respective twisting tensors of the characteristic distrihutions 
defined hy an almost product structure on then the following relations hold 



%z'Lw']{X,Y) ^e'^V[z'Lw']{X,Y) 

or put in component form 

i%c'L)ab\d'] =e^H%'LU\d'] 

{'V[cL')a'b'\d] =e2^(V[,L')a'6'|d] 



Proceeding in the same fashion as in g , investigating how the curvature com- 
ponents of the adapted connection can be divided into irreducible parts - in 
the case of an almost product manifold instead as for just an embedding, some 
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immediate differences is noticed. Tfie generaiisation of what Carter calls the 
outer curvature is the Ra^^'' component which will be seen not to be con- 
formally invariant in the generic case but only if the unprimed distribution is 
integrable. The same is of course true for the outer curvature of the comple- 



mentary (primed) distribution. From proposition 4.19 it is manifest that the 
non-invariant components are 

2. 



and 

respectively. For the internal curvature which in the language of almost product 
manifolds is the total semi-basic components of the adapted curvature, one can 
follow the procedure of dividing the tensor components into its irreducible parts 
according to the above scheme. In the generic case the semi-basic components 
does not have the box symmetry 



. Because of torsion though, it has the other symmetry parts. It is clear that 
when the distribution is integrable its internal curvature will indeed have the 
box symmetry. Defining the internal Weyl tensors the generalization of ^ 
can be made. 

Definition 4.36 

Let R he the curvature tensor of the adapted connection and R^b'^'^, Ra'v'^ 
the internal curvatures of the two complementary distributions associated with 
an almost product manifold then define their respective Weyl tensors by 

ri cd _h cd 4 xl'^ 5'^] I ? 

Cab -Rab -fc3^'^[A] + (fc„l)(fc_2)^V'>] 

c'd' _n' c'd' 4 ^[c' ^,d'] 2 a'xW'x'^'] 

^a'b' -Ra'b' 1^%'^'b'] + (fc'-l)(A;'-2)^'^K'^^'l 



where 



p cd o cd T)b ry be p ry ab 

J^ab -—Ilab i •— ilac 7 ^ ilab i 

tS/ c'd tS c'd' f?'^' i? ^'c' f)l tS a'b' 

n a'b' -—Ila'b' J ^ a' ■—Ha'c' ' ^ -—Jla'b' 



Following Carter's procedure it is now easy to generalize his relations to the 
case of an almost product manifold. 

Proposition 4.37 

Let C,C' be the Weyl tensors of the internal curvatures of the two comple- 
menatry distributions associated with an almost product manifold. Then the 
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following relations hold. 

Cab -Cab Y^%C,^ + (fc_l)(fc_2)^ - 



4 



k-2 



(^[^|L,]%,Le'i^' +<^[:|W^6]%'W^e''l'=' +^[:|i6]%'W^e''l^' + 



2 



r" c'd' _r" c'd' 4 xl'^' ^/d'] 2 

k^%'C 6'] + (fc' _ 1) (fc' - 2) ' 
- 2(i|„,|^'eL;,]'^'« + 2L{„,|[^'eW,yi«) - 



where 



Ccd cd /^b be r~f /^-i ab 

ab ■— L^ab : '^a ■ — '-^ac , ^ ■—'^ab 

f^t c'd' c'd' r^lb' r^l b' c' /^l f^l a'b' 

a'b' -—LLa'b' ' ^ a' -—^a'c' ' ^ ■~'^a'b' 



From this proposition it follows that if the semi-basic part of the conformal 
tensor is zero and the distribution is integrable then the distribution possess 
local conformal flatness if and only if its conformation tensor vanishes. Of 
course this is only true in the case where fc > 3. This generalizes Carter's result 
to the case of almost product manifold. 

5 Physical applications 

There are lots of physical applications involving almost product manifolds. Be- 
cause principal bundles can be regarded as a almost product manifold with 
the {GF, GD) structure ordinary gauge theory can be found in its utmost geo- 
metrical form. In Kaluza-Klein theory the internal space need not be a group 
manifold but could instead be a homogenous space with the proper gauge group 
as its isometry group. Here will be given an example of the recovered Kaluza- 
Klein theory from the almost product structure taken flrst in the most general 
case where no restriction of the fiber is made. 



Example 5.1 
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Kaluza-Klein theory 

Here will be seen how, in the case of a {GF, GD) structure, the Vidal connection 
will reduce to the gauge covariant derivative. The Einstein-Hilbert action will 
reduce to the inner curvatures plus the gauge field term as in First note 
the spliting of the action in the {GF, GD) case, 

d"'x^gR = J d''xd'''y^^{R + R' + L^). (18) 

Note that the primed distribution is chosen to be integrable. Following fl^/ tie 
vielbeins can locally be parametrized as 

where Ki = Ki'^ {y)Ea'(y) are the Killing vectors of the integrable internal 
manifold. These satisfy an algebra 

[K,,K,]^ f^.'K^. (19) 

where the structure constants fij'' of the isometry group and does not depend 
on y. The gauge fieldstrength F' = dA' + \fjkA^ A A'' is most easily found ^ 

F{X, Y) = V'[X, Y] = 2L{X, Y) (20) 

where X, Y are unprimed vector helds which implies that the term in the 
action reads jF^ which is the ordinary action term in gauge theory. Now the 
Vidal connection of the gauge held can be written 

ilxFKY,Z) = {V^F)(Y,Z)+F'(Y,Z)V'[X,K,], (21) 
written in component form, the relations look like, 

(i.^)L = (Y^i^)L + fi^AiF^ (22) 
which is precisely the gauge covariant derivative. Further the identity from 



proposition 4.1L (Vj^L);,^]'* = reduces to the Bianchi identity of the gauge 
field 

i%aF)U = (23) 



the R^y term from proposition 4.21 reduces to 

Ray = \{^Fya^K,,, (24) 

which from the Einstein's equations point of view reduces to the equations of 
motion for the gauge field, i.e. (V^J')L'^ ~ 0. So it is clear that gauge theory and 
Kaluza-Klein theory is contained in the almost product manifold description. 
In the general case however the Killing vectors could be exchanged to ordinary 
vielbeins, the structure coefEcients need not be constant and the fiber no longer 
a group space or homogenous space, the almost product structure procedure 
would still be valid. In the case of Kaluza-Klein theory containing the dilaton 
held it is easy to see that it is contained in the mean curvature, ft, see fl/. 



37 



Another more traditional example is the decomposition of the four dimensional 
curvature scalar into three space in hamiltonian formulation of ordinary Ein- 
stein gravity. From proposition 4.26 the decomposition of the curvature scalar 
is immediately found to he R = R — + K^. From a foliation point of view it 
is clear that a space with non-degenerate metric of Minkowskian signature must 
have vanishing euler number which is also the condition for a space to have a 
codimension one foliation 1111 n2[. This is why the term can be set to zero. 



6 Conclusions and outlook 



The theory of almost product manifolds is seen to overlap with a lot of physical 
applications. The main areas is of course geometrical phyics such as gravity, 
Kaluza-Klein theory and ordinary gauge theory. Here was seen for instance 
that in gauge- or Kaluza-Klein theory the Vidal connection reduces to the ordi- 
nary gauge covariant derivative and the second curvature identity of the Vidal 
curvature gi ves t he B ianch i identity of the gauge field. The relations found 
propositions 4.26 and 4.27 could perhaps be used to find new solutions to the 
equations of motions of various supergravity theories. Here the the Ricci tensors 
are given in the most general case why all kind of brane solutions must fit in this 
scheme. From these relations it should also be clear that a black hole solution in 
ordinary space-time carrying a gauge field charge should correspond to a black 
hole solution in the total space with rotational parameters corresponding to the 
gauge charges. The reason for this is of course the identification of the twist- 
ing tensor as the gauge fieldstrength. In super gravity theories the black hole 
solutions carry charges from anti-symmetric tensor fields and will be p-brane so- 
lutions. These can again have rotational parameters in the transverse directions 
which correspond to gauge field charges of the isometry group of the transverse 
space 1^, |l^ which by analysis in Q| would correspond to a non-integrability of 
the brane itself in this context. 

Another interesting investigation would be to see how the Clifford algebra 
splits in a almost product manifold. In a appearing paper will be shown 
how flat super space looks in the almost product structure picture. 



Acknowledgments: The authors would like to thank Martin Cederwall and 
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A Tic— Tac— Toe notation 



The Tic- Tac- Toe notation can most easily be described by working through the 
first non-trivial Young tableau, which is the (2,1) one. 




















X 




X 




X 


X 




0_ 









X 









X 




X 





(25) 



Above the Tic- Tac- Toe notation was used where the o's labels unprimed degrees 
of freedom and the x's primed ones. The Tic- Tac- Toe tableaux works exactly 
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as an ordinary Young-tableau. Since the primed and the unprimed directions 
does not talk with each other when it comes to symmetries, the dimension of 
a Tic-Tac-Toe tableau equals the product of the dimensions of the pure primed 
and unprimed sub-tableaux respectively. Their respective dimensions read 

m(m^ - 1) _ k{P - 1) k{k - l)k' k{k + l)k' 
3 ~ 3 2 2 ^ 

k'{k' + l)k k'{k' - l)k k'jk'^ - 1) 
^ 2 2 ^ 3 

where k' = m — k. The decomposition of an arbitrary Young tableau can be 
done in a similar fashion. 
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